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Abstract
We implement a method for the calculation of the effects of a solid sphere on the dynamics of
superfluid vortices. We present in detail the derivation of the mathematical formulae used in a
computational algorithm which avoids numerical singularities, as well as an adaptive algorithm for
convergence tests and diagnostics of the method’s accuracy.
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INTRODUCTION
According to the two fluid model, thermal superfluids are two-component physical
systems involving the interaction, via mutual friction processes, of an inviscid superfluid
component with a viscous normal-fluid component.
Recently, [1–4] have released micron-sized solid particles in thermal superflows in order
to visualize the flow [1–4] and measure the particles’ velocity using the Particle Image
Velocimetry (PIV) technique [1–3]. These studies brought forward the crucial question:
what is the relation between the measured particle velocities and the velocities of the two
fluids?
Recent theoretical work [5] has shown that, in thermal superfluids involving a small number
of superfluid vortices and a dilute system of particles, viscous drag enforces the particles
to move with the normal fluid velocity. Although this result boosts the importance of
experimental methods based on particles, it still leaves open the question of what happens
when the superfluid vortex tangle is dense. This is because the previous theoretical result
[5] was based on a mathematical model that ignores the effect of the solid particles on the
thermal superfluid. This deficiency is important in experiments involving dense superfluid
tangles since, as it was shown in [6], it is very likely that particles will collide with superfluid
vortices in this case.
In order to address this important aspect of the problem, work is under way to develop
new, more powerful multiphase thermal superfluid models which would be appropriate
for the treatment of turbulence. In this first article, we present a first step towards this
goal by discussing the implementation of a numerical and computational procedure for the
calculation of particle superfluid vortex interactions. The superfluid literature contains
already papers which deal with the interaction between superfluid vortices with plane walls
[7], bumpy walls [7, 8] and spheres [9]. Unfortunately, these papers do not describe in full
detail the mathematical procedure and its numerical implementation. This situation is
unsatisfactory, since as we shall see, issues of numerical convergence, tests and modeling
are very important in these problems. The aim of this work is to fill this gap. We
stress that we limit ourselves to the case of a pure superfluid, and neglect mutual friction
effects. In a successive article such methods will be combined with analogous techniques
for the computation of vortex reconnections and for the effects of solid particles on the
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normal fluid flow, so that numerical calculations at finite temperatures involving the full
interactions between all three (normal-fluid, superfluid and particulate-solid) components
could illuminate further the [1–4] multiphase flow experiments.
A DERIVATION OF SCHWARZ’S METHOD
Schwarz [9] developed a method for the treatment of the interaction between a rigid
sphere and a superfluid vortex. In this section, we provide a detailed derivation of his final
formulas with adequate details of the intermediate steps involved.
Let us consider a superfluid vortex tangle L and a stationary rigid sphere of radius b. The
velocity Vv of the superfluid vortices has two contributions: VBS due to the Biot-Savart
interactions between the vortices, and Vb, due to the presence of the rigid sphere boundary:
Vv = VBS +Vb. (1)
The computation of VBS, including the method to de-singularize the Biot-Savart integral,
has already been described in the literature [7]. In this article we concentrate on the evalu-
ation of Vb. From the start, we confine ourselves to a numerical approach to the problem,
and assume that the vortices are discretized into a sequence of N small linear segments
dl. Therefore, by evaluating the boundary-induced correction corresponding to one of these
segments Vdlb , we can recover Vb by simple summation over the N segments:
Vb =
∑
Vdlb . (2)
By writting V
~dl
b = ∇Φ~dlb and employing the incompressibility constraint ∇ ·V~dlb = 0, we
obtain the Laplace equation for Φ
~dl
b :
∇2Φ~dlb = 0. (3)
The solution must satisfy the boundary condition
(V
~dl
v +∇Φ
~dl
b ) · ~ˆn = 0, (4)
where V
~dl
v is the Biot-Savart velocity corresponding to the segment dl and
~ˆn is the unit
normal vector to the sphere. Due to the linearity of the Laplace equation, the solution
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can be computed analytically, as accomplished by Schwarz [9]. Using his terminology, the
solution is given by the formula
Φ
~dl
b =
κdl⊥
4pi
bsinφ
rR
∞∑
n=1
1
n+ 1
(
b2
rR
)n
P 1n(cosθ). (5)
In this formula (Fig. 1), κ is the quantum of circulation, dl⊥ is the length of the projection
of segment ~dl on the plane that passes through the centre of the sphere, O, and is normal to
the vector that connects O with the starting point of the segment ~dl, R is the length of the
latter vector, and r is the length of the vector that connects O with the point of L at which
the boundary-induced velocity is been computed. In addition, φ is the azimuthal angle of
the spherical coordinate system attached to the sphere, θ is the polar angle and P 1n(cosθ) is
the associated Legendre function of the first kind, defined by
Pmn (x) = (1− x2)m/2
dmPn(x)
dxm
, (6)
where Pn(x) is the Legendre polynomial of order n.
In order to derive the above formula (4) for Φ
~dl
b , one starts with the general solution of the
Laplace equation in spherical coordinates [9]:
Φ
~dl
b =
κdl⊥
4pi
Rsinφ
r
∞∑
n=1
Bn
P 1n(cosθ)
rn
, (7)
where Bn are coefficients to be determined by imposing the boundary conditions [9]
∂Φ
~dl
b
∂r
∣∣∣∣
r=b
= −κdl⊥
4pi
R sinθ sinφ
(R2 + b2 − 2Rbcosθ)3/2
. (8)
Performing straightforward calculations and using the following orthogonality integrals of
the associated Legendre functions∫ pi
0
Pmp (cosθ) P
m
q (cosθ) sinθ dθ =
2
2q + 1
(q +m)!
(q −m)!δpq, (9)
where δpq is the Kronecker delta, one obtains [9]:
Bn =
n+ 1
2
n(n + 1)2
bn+2
∫ pi
0
P 1n(cosθ) sin
2θ dθ
(R2 + b2 − 2Rbcosθ)3/2
. (10)
In order to evaluate Bn, one writes the associated Legendre function P
1
n(cosθ) in equation
(9) in terms of the Legendre polynomials using formula (5)
dPn(x)
dx
=
nPn−1(x)− nxPn(x)
(1− x2) , (11)
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and
xPn(x) =
(n+ 1)Pn+1(x) + nPn−1(x)
(2n+ 1)
, (12)
thus reducing the evaluation of Bn to the evaluation of the sum of two integrals of the type:
I =
∫ 1
−1
(γ − x)−3/2 Pn(x) dx, (13)
where γ = (R2+b2)/(2Rb). Such integrals can be evaluated by employing the transformation
γ = cosh2p and using the formula:
∫ 1
−1
(cosh2p− x)−1/2Pn(x) dx = 2
√
2
(2n+ 1)
e−(2n+1)p, (14)
where p > 0. The end result of a straightforward computation, which employs the fact that
the vortex lies outside the sphere, is:
I = 4
√
2
(R/b)−n+
1
2
[(R/b)2 − 1] , (15)
which leads to the following expression for Bn:
Bn =
1
(n+ 1)
b2n+1
Rn+2
. (16)
Finally, by inserting formula (15) into formula (6), one obtains formula (4).
We note that formula (8) for the boundary condition requires only the local sphericity of
the particle’s surface around the reference boundary point. Therefore, piecewise spherical
particles could, in principle, be handled by our method. However, since the center of curva-
ture (i.e. the center of the corresponding sphere) would change from one reference boundary
point to the next, the treatment of a single vortex segment at a single time step would
require the employment of as many different spherical coordinate systems as the number of
constant curvature segments needed in order to fully cover the particle’s surface. In contrast,
when the particle is spherical only one such coordinate system is needed.
THE COMPUTATIONAL FORMULAE
Next, we derive the numerical formulas that we have used in the computational imple-
mentation of the above analytical method.
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In order to avoid numerical errors in evaluation of derivatives using finite difference formulas,
we differentiate Φ
~dl
b analytically. In a spherical coordinate system we have:
V
~dl
b ≡ V
~dl
br
~ˆr + V
~dl
bθ
~ˆ
θ + V
~dl
bφ
~ˆ
φ ≡
(
~ˆr
∂
∂r
+
~ˆ
θ
1
r
∂
∂θ
+
~ˆ
φ
1
rsinθ
∂
∂φ
)
Φ
~dl
b , (17)
where ~ˆr,
~ˆ
θ and
~ˆ
φ are the unit vectors along the r, θ and φ directions. After straightforward
manipulations, one obtains:
V
~dl
br = −
κdl⊥
4pi
bsinφ
r2R
∞∑
n=1
(
b2
rR
)n
P 1n(cosθ), (18)
where P 1n(cosθ) is evaluated using the recursion relation:
(n− 1)P 1n(x) = (2n− 1)xP 1n−1(x)− nP 1n−2(x). (19)
V
~dl
bθ is given by:
V
~dl
bθ =
κdl⊥
4pi
bsinφ
r2R
∞∑
n=1
1
(n+ 1)
(
b2
rR
)n
dP 1n(cosθ)
dθ
, (20)
where dP 1n(cosθ)/dθ can be computed from the relation
dP 1n(cosθ)
dθ
= −1
2
P 2n(cosθ) +
1
2
n(n + 1)Pn(cosθ). (21)
The Legendre polynomial Pn(x) can be computed using the recursion formula
Pn+1(x) = 2xPn(x)− Pn−1(x)− xPn(x)− Pn−1(x)
(n+ 1)
, (22)
and P 2n(x) can be calculated from the recursion relation
(n− 2)P 2n(x) = (2n− 1)xP 2n−1(x)− (n + 1)P 2n−2(x). (23)
Finally, V
~dl
bφ is evaluated from:
V
~dl
bφ =
κdl⊥
4pi
bcosφ
r2R
∞∑
n=1
1
n + 1
(
b2
rR
)n
dPn(cosθ)
dcosθ
, (24)
where dPn(cosθ)/dcosθ is given by the recursion relation
dPn(cosθ)
dcosθ
= nPn−1(cosθ) + cosθ
dPn−1(cosθ)
dcosθ
. (25)
We stress that this formulation avoids any numerical singularities that could have been
caused by special positions and orientations of the discrete vortex elements with respect to
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the coordinate system axes.
The velocity components V
~dl
br , V
~dl
bθ , V
~dl
bφ refer to the local spherical coordinate system that is
tied up to the particular vortex segment whose boundary-induced effect on the rest of the
vortex tangle we want to calculate. However, the Biot-Savart calculations are performed
in the global Cartesian coordinate system which is tied up to the computational domain.
Therefore, one needs to transform the aforementioned velocity values, first into the local
Cartesian system x′1x
′
2x
′
3 that corresponds to the local spherical system and subsequently
into the global Cartesian system x1x2x3.
The first transformation is achieved by the formulae
V
~dl
bx′
1
= sinθcosφV
~dl
br + cosθcosφV
~dl
bθ − sinφV
~dl
bφ , (26)
V
~dl
bx′
2
= sinθsinφV
~dl
br + cosθsinφV
~dl
bθ + cosφV
~dl
bφ , (27)
V
~dl
bx′
3
= cosθV
~dl
br − sinθV ~dlbθ , (28)
and the second by the formula
~V
~dl
b~x = T ~V
~dl
b~x′
, (29)
where T is a matrix whose columns are the three unit vectors of the local Cartesian coor-
dinate system computed in the global Cartesian system. We note that formulae (26)− (29)
are applied to each vortex segment separately and that the respective ~V
~dl
b~x values are plugged
into the summation of formula (2).
ADAPTIVE ALGORITHM
The formulae of the previous section can be directly implemented in computational
algorithms. The matter of importance is the computational efficiency of the formulae, i.e.
how many terms in the expansion of formula (4) one needs to take into account in order
to achieve acceptable accuracies. The best way to study the convergence properties of the
formulae is to perform a number of tests using an adaptive algorithm that chooses the order
of the expansion so that a prescribed accuracy is satisfied. Therefore, one needs to define
first an accuracy criterion.
A suitable criterion can be based on the fact that the presence of boundaries results in zero
fluid velocity along the radial directions on the surface of the sphere. This in turn implies
that at every point on the sphere, the angle between the unit radial vector and the fluid
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velocity must be 90 degrees. Therefore, finding whether the criterion of accuracy is satisfied
or not requires the calculation, at every point on the sphere, of the absolute value of the
difference between the computationally obtained angle and its exact value (90 degrees),
and the subsequent averaging of this value by integration over the sphere and division of
the computed integral by the area of the sphere. The adaptive algorithm adjusts the order
of the expansion, so that at every time step the aforementioned average value does not
exceed a prescribed threshold. In all tests reported here, the threshold was set equal to one
thousandth of one degree.
COMPUTATIONAL TESTS
We have performed two tests involving the collision of a vortex ring with a stationary
sphere in an infinite domain. In both cases, we have chosen a radius of the sphere b = 10−4cm
which is representative of the particle size used in experiments [1–3]. In the first test, the
ring has the same radius as the sphere and is placed at a distance equal to three radii from
the centre of the sphere. The plane of the ring is normal to the line connecting the centre of
the ring with the centre of the sphere (Fig. 2). The initial ring length, L0 = 0.00062790cm,
is discretized in 54 segments, and the numerical time step is ∆t = 9.09 × 10−8s. The
test required approximately 1600 time steps. In agreement with [9], it is observed that
the ring grows as it approaches the sphere and when it reaches the equator its diameter
clearly exceeds the diameter of the sphere (Fig. 3). Subsequently, the ring shrinks back to
its original size. The data of Fig. 4 indicate that, as expected, the evolution of the length
of the ring is symmetric during the two stages of its motion (i.e. before and after reaching
the equatorial plane); in other words, this vortex configuration is stable. Fig. 5 shows that
in order to satisfy the accuracy requirement we need at most 80 terms in the expansion of
formula (4).
The second test involves again a particle and a ring of the same radius at the same initial
distance from each other as in the first test case. However, the axis through the centre of
the ring and orthogonal to its plane is now displaced by 0.234b from the centre of the sphere
(Fig. 6). Fig. 8 shows that as the ring approaches the sphere, it starts to grow as in the
first test case. Fig. 9 indicates that, due to the initial displacement of its centre, the ring
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approaches the sphere much closer in comparison with the first test, so that the numerical
method needs to employ many more expansion terms in formula (4) in order to achieve the
prescribed accuracy. Moreover, contrary to the results reported in [9], the ring becomes
unstable while it is still moving at the front side of the particle (Fig. 7), as if it tries to
pin to the particle surface. This instability is quite similar to that observed in [10] and its
absence from the results of [9] could be due to excessive numerical damping in [9]. Moreover,
the absence of the instability in the first test case can be explained by noticing that, due to
ring length growth induced by the presence of the boundary, the ring maintains throughout
its motion sufficient distance from the surface of the sphere so that the instability does
not develop. Therefore, if a superfluid ring has an initial radius at least equal or greater
than that of the sphere, and if the line connecting the centre of the ring and the sphere is
orthogonal to the plane of the ring, then after its interaction with the sphere, the ring will
continue its motion to infinity.
Both tests indicate that, for a specified accuracy level, the required number of terms in the
expansion of formula (4) increases as the ring approaches the sphere. This is because, in the
latter case, the ratio b/R that appears in the formulas for V
~dl
br , V
~dl
bθ and V
~dl
bφ acquires values
close to unity and this impairs the convergence properties of the expansion. Despite these,
calculations involving thousands of vortex segments could be done routinely. Moreover,
computations involving turbulent tangles could employ phenomenological models of vortex-
sphere reconnections (as hinted by the second test and implemented in references [7, 8]), thus
ameliorating the aforementioned problem by reducing the actual possible distances between
the vortices and the particles. We have also performed computations relaxing the accuracy
threshold from the strict value of one thousandth of one degree to larger values of the order
of a few degrees. Although the actual recorded vortex length and vortex-sphere distance
values were different in the latter cases, the qualitative behaviour of the system was similar.
Based on these, we conclude that the implementation of convergence acceleration techniques
(e.g. Pade approximants) is not imperative at this stage.
CONCLUSIONS
Following the approach in [9], a method combining computational techniques and ana-
lytical derivations for the analysis of close interaction between a rigid sphere and superfluid
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vortices is implemented and tested. The method is satisfactory, as far as the accuracy of the
imposition of the boundary conditions is concerned, but, in order to satisfy the prescribed
accuracy, it must be combined with an adaptive algorithm for the automatic determination
of the required minimum number of expansion terms in the analytical solution for the po-
tential induced by a line vortex element. The developed method will serve as an appropriate
tool for the analysis of two-way interaction between solid particles and a dense vortex tangle,
a problem which is becoming more important as visualization methods based on particles
are more used.
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Figure captions
Fig. 1. Coordinate system and variables used in the numerical formulae to determine the
boundary-induced velocity field at position r due to the vortex element at position R in the
presence of the sphere.
Fig. 2. (color online). First test case: a ring on a collision course with a rigid sphere of
equal radius.
Fig. 3. (color online). First test case: as the ring flies over the equator of the sphere its
length attains its highest value.
Fig. 4. First test case: vortex length L versus time t.
Fig. 5. First test case: highest order N of the Legendre function needed for the accurate
evaluation of Φ
~dl
b versus time steps n = 0− 1550 (corresponding to time t = 0− 0.00014 s).
Fig. 6. (color online). Second test case: the ring’s centre is displaced relatively to the centre
of a particle of equal radius.
Fig. 7. (color online). Second test case: the ring never passes over the sphere, as if it tries
to pin to the particle surface.
Fig. 8. Second test case: vortex length L versus time t.
Fig. 9. Second test case: highest order N of the Legendre function needed for the accurate
evaluation of Φ
~dl
b versus time steps n = 0− 830 (corresponding to time t = 0− 0.000075 s).
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